Foreword. The usual way to deal with the so-called shoch phenomenon in compressible fluids is the following. On the one hand there is the fact that in many cases of observable flow there exist narrow zones across which pressure, density and velocity undergo rapid changes. On the other hand, it is well-known that the differential equations of inviscid perfect fluids fail to supply solutions satisfying certain boundary conditions that can be realized physically. One therefore makes the assumption that these differential equations are valid in regions of the (x, y, z, t) space which are separated from each other by discontinuity surfaces whose shape is a priori unknown. From physically plausible hypotheses one then derives necessary conditions for the values assumed by the physical variables on either side of the discontinuity surfaces. Such conditions were first given by Riemann, and later modified by Rankine and Hugoniot. It is finally assumed--and confirmed at least in special cases-that the differential equations combined with these transition conditions are sufficient to determine both the discontinuity surfaces themselves and the continuous flows in the regions between them (see [4], pp. 116-118, 134-138).
where T is referred to ul/R (R is the gll of [6] ), and we use the same symbols to denote the non-dimensional quantities, but change the 7 of Reference G to k for convenience.
Here R is the Reynolds number, (1.6) and P the Prandtl number, P = --^-7 R y • (1.7)
K -1 K These equations are based on the assumption that the fluid is a perfect gas (1.4) with constant specific heats. Further, von Mises considers that P, n, k may vary. For convenience we shall also assume n, k and therefore P are constant, though the results are equally true without this restriction. Finally, if we write z = |, ( and the set of equations (1.1) through (1.4) and (1.5') is now independent of R. In order to discuss the boundary layer nature of shock transition, we recall the assumptions of the Prandtl boundary layer theory, according to which the Navier-Stokes equations are reduced to a new system of "boundary layer" equations (see [2] ). If we denote by (i>j , v2) the components of the velocity along the normals and parallels to a boundary line S in two-dimensional steady flow, and by d/ da, d /8(3 differentiations along these directions, then symbolically I = v x = 0(R-U2); v2 = 0(1), (1.10) and other physical quantities are 0(1). Thus we stretch the normal distance by a factor R1/2, magnify vx , the normal component of velocity, by R1/2, and then consider that all new quantities and new derivatives have the same order of magnitude 0 (1) . Neglecting all but the terms of highest order in our equations, we obtain the reduced set of "boundary layer" equations. A solution of the latter equations constitutes an asymptotic integration of the Navier-Stokes equations. Now consider shock transition at S. Here, in contrast to (1.9), (1.10), we assume £-0W, A = 0(1), (1.90
where these are suggested in the following manner. If we superpose a constant velocity v2 = 0(1) on the motion discussed by von Mises, then we obtain a two-dimensional steady motion with S a straight line. For this motion, (1.9') and (1.10') clearly hold, in view of (1.5). Thus, in the general case, we stretch the normal distance by a factor R and then consider all new quantities and their new derivatives to have the same order of magnitude 0(1). Neglecting all but the terms of highest order in our equations, we obtain the reduced set of "shock transition" equations, a solution of which constitutes an asymptotic integration of the Navier-Stokes equations. These "shock transition" equations are found to be completely analogous to the system (1.1) through (1.4) and (1.5'). Hence the existence of "shock transition" regions in a real fluid can be inferred; further, the fact that as R -»<*> these regions go over into discontinuity surfaces for which the Rankine-Hugoniot conditions of inviscid flow apply, can be shown. Having discussed the points on which the boundary layer and the shock transition are analogous, we must next note two important differences. First, compressibility is an essential for the latter, but not for the former: shocks do not occur in an incompressible fluid. Second, time-variation of the motion produces essential changes in shock-transition, but not in the boundary layer. In the former, S has its own motion; in the latter, S is fixed. Hence the purpose of the paper is formulated precisely as follows: Given an arbitrary hypersurface S (which satisfies loose regularity conditions), a Vs in (t, x, y, z) space it is possible to solve asymptotically the Navier-Stokes equations so that physical variables undergo rapid changes normal to S, and relatively slow changes parallel to S, in the neighborhood of S, provided that R is large enough. Moreover, in the limit R -S becomes a discontinuity surface across which the Rankine-Hugoniot conditions are fulfilled. To make the discussion clearer, we shall work through two simpler cases first, one of steady motion and the other of unsteady.
Finally, we shall use the fact (inherent in von Mises' discussion) that du/ds, d2u/ds2, dT/ds, d2T/ds2 • ■ • are of the same order as u, T ■ ■ ■ in some fixed interval [s], depending only on m, C, , C2, of s, and that the end points of this interval correspond very nearly to the Rankine-Hugoniot conditions which strictly hold for s = =F °o. This is equivalent to the result that the "thickness" of the shock is extremely small in von Mises' case, and that outside conditions are very nearly uniform.
2. Steady two-dimensional flow. The momentum equation in vector form may be written non-dimensionally: pV . grad (i V + ^j)
where P is the Prandtl number (assumed constant) and the dilatation & is given in (2.2) together with the vorticity <o.
These are the equations of motion and we wish to refer them to a particular set of orthogonal curvilinear coordinates having coordinate lines normal and parallel to the p=consr. pmconst given line S, (Fig. 1 ). This system of coordinates was used by von Mises [2] to obtain the boundary layer equations for an arbitrary curved boundary line S. The square of the line element in these coordinates may be written ds* = da2 + (~T^J (2.6) where /8 is the arc length on S measured from an arbitrary fixed point, r = r(/3) is the radius of curvature of S, and a is the normal distance from S. Hence if we write the components of velocity referred to these axes as (vx , v2) we have, instead of (2.1) and
A, ^ i _Mg_\ ZL_ dp _4_ r M [fc ' The values of the various terms in the energy equation (2.5) may be obtained from
with use of (2.9), i.e. we remember, for instance, that the expression for d gives us the divergence of a vector V.
In agreement with the ideas of Sec. 1, we now replace a by s/R and consider in our new system of coordinates that all functions and their derivatives are of the same order of magnitude. Then considering only the highest order terms in 1/R, we may write the previous equations (2.7) through (2.10) as: 3i>! dp 4 3 / d\ ,0
ds and the energy equation, from (2.11a) through (2.11c), as
It is clear immediately that (2.8') with (2.9') is satisfied by
which is the mathematical expression of the fact that the component of velocity parallel to the line S remains unaltered along a direction prependicular to S. The equations (2.7'), (2.10') and (2.11'), with use of (2.9') may be immediately integrated to give pv! = m{0), (2.10")
where we have made use of (2.8"). The equations (2.4), (2.7"), (2.10") and (2.11") are equivalent to (1.1) through (1.4) and (1.5'), with i\ for u and Ci , c2 for mCx , mC2 . These equations have been obtained under the sole assumptions that (i) R is large, Our given surface S reduces to a line in the (x, t) plane and we set up the same system of coordinates as in the previous section (Fig. 2) . Thus a = const, represents a motion fixed relative to the "shock" S, and /3 = const, represents motion directly across S. Now equations (3.1) through (3.3a) may be written as dA\ . dAl , r (dA\ , dAl \ " n rN -sm --cos<* + -(-cos* + sin <pj = 0, . '-3sfesmi» + r^^cos"i' " (« -1) 1 IdT . , r ST , = -T" pit fcsm » + ¥cos (3.6) where we have used the rules for differentiation under change of variables. We note that v = vU3) (3.7)
We now replace a by s/R and consider that in the new system of coordinates all functions and their derivatives are of the same order of magnitude. Then considering only the highest order terms in 1/2?, we may write (3.5) and (3. (3.5")
The equations (3.5") and (3.6') are equivalent to those of section 1 since (3.7) holds. Thus the discussion at the end of section 2 may be repeated. 4. Unsteady three-dimensional flow. In this, the most general case, the situation is a little more complicated. The differences between the present analysis and the preceding will be noted at each stage. First, the momentum equations in (t, x, y, z) space have no simple "vector" form which allows of simple transformation to new axes, as with (2.1) in (x, y) space. In fact, they may probably be dealt with best in the form: is imposed on the (t, x, y, z) space. Then it is possible to set up a system of orthogonal curvilinear coordinates (a, /?, 7, 5) such that (4.6) reads: ds2 = da2 + (ht + Xi«)2 d02 + (h2 + X2aO~ dy2 + (h3 + X3a)2 d82 (4.7)
where the lines /3, y, 5 -const, are normal to the given manifold S (here a F3) and the 3-spaces a = const, are parallel to S (see Appendix A). Moreover h, , h2, h3, , X2 , X3 , are functions of /3, y, S alone, and di = h\ dp2 + hi dy2 + hi dS2 (4.8)
is the metric of S. To illustrate the nature of this system, we note that in the twodimensional case of unsteady flow the lines (/3, y const.) are normal to a surface S whose lines of curvature are a = 0, = const, and a = 0, y = const. Also in this case hi/Xi , h2/\2 are the principal radii of curvature of S, and are functions of (/3, 7). We now wish to introduce a notation for vectors A ,■in our 4-space. We shall denote by (Ax , A2 , A3 , -round brackets-the components of A t referred to the (t, x, y, z) axes, and by {A[ , A2 , A3 , A4}-curled brackets-its components referred to the (a, (3, y, S) axes. Moreover we shall denote by div* the divergence i.e. . Hence discussion at end of section 2 applies equally well here. Summary. Given an arbitrary hypersurface S in (t, x, y, z) space and an arbitrary distribution (within the loose restriction of the constant c of von Mises' paper) of V, T, p and derivatives on it, we have the following: (i) It is possible to construct a family of solutions of the Navier-Stokes equations having large normal derivatives on S and (comparatively) small derivatives parallel to S, provided n is small enough. The solution is analogous to a solution of the steady onedimensional equations of motion, in which the ^-differentiation is replaced by
where V is the normal velocity of the "instantaneous" section of S by (x, y, z) space and d/dn denotes differentiation along the normal to this section. Moreover the RankineHugoniot conditions are approximated very nearly, and the component of V in the tangent plane to the "instantaneous" section of S by (x, y, z) space is conserved along the normal direction of S.
(it) As ix -► 0 the surface S becomes a discontinuity surface and the RankineHugoniot conditions hold exactly.
The purpose of this paper, as stated at the beginning, was to prove the existence of shocks, using as sole basis the Navier-Stokes equations for the motion of a perfect fluid. As a by-product of the analysis, we are given a method of investigating the structure of a shock in the most general motion of a perfect fluid. However, if such an application is made, it must be borne in mind that it will only be valid when the Navier-Stokes equations hold, that is when the fluid can be considered as a continuum, in other words, for weak shocks. where hi = ip etc., independent of a, and Xx = etc., independent of a. We have thus demonstrated the validity of (4.7) and (4.8) as well as the statements about these equations. We have constructed F3-spaces a = const, parallel to S (in the obvious sense of the term) and used them to form an orthogonal system of coordinates.
